A mathematical model for magnetohydrodynamic (MHD) three-dimensional Couette flow of an incompressible Maxwell fluid is developed and analyzed theoretically. The application of transverse sinusoidal injection at the lower stationary plate and its equivalent removal by suction through the uniformly moving upper plate lead to three-dimensional flow. Approximate solutions for velocity field, pressure, and skin friction are obtained. The effects of flow parameters such as Hartmann number, Reynolds number, suction/injection parameter, and the Deborah number on velocity components, skin friction factors along main flow direction and transverse direction, and pressure through parallel porous plates are discussed graphically. It is noted that Hartmann number provides a mechanism to control the skin friction component along the main flow direction.
Introduction
In recent years, the problem of LFC (laminar flow control) has gained considerable importance due to its importance in the reduction of drag and hence in improving the vehicle power by a considerable amount. To control the boundary layer artificially, several methods have been proposed. One of the effective techniques for the reduction of the drag coefficient which causes large energy losses is the boundary layer suction method. It has been established theoretically as well as experimentally that the laminarization of boundary layer over a profile reduces the drag and hence the vehicle power requirements by a very significant amount. According to boundary layer, suction method slowed that fluid particles in the boundary layer are removed through the holes and slits in the wall into the interior of the body and, therefore, the transition from laminar to turbulent flow causing increase of drag coefficient may be deferred or prevented [1] . Many workers have considered the numerous aspects of fluid flow problems with suction but most of these studies cope with two-dimensional flows only. Gersten and Gross [2] considered the viscous fluid and studied the effect of transverse sinusoidal suction velocity on flow with heat transfer over a porous wall. Singh [3] studied the effect of transpiration cooling in the presence of the transverse sinusoidal suction/injection velocity. Chaudhary et al. [4] analyzed three-dimensional Couette flow in the presence of transpiration cooling between the plates and reported the effects of suction/injection velocity on the flow field, skin friction, and heat transfer. Guria and Jana [5] investigated unsteady three-dimensional fluctuating Couette flow through porous plates with heat transfer and found that the main flow velocity decreases with increase in frequency parameter; however, the magnitude of the cross flow velocity increases with increase in frequency parameter. Sharma et al. [6] considered radiation effect in three-dimensional Couette flow with suction/injection on temperature distribution. Chauhan and Kumar [7] investigated heat transient effects in a three-dimensional Couette flow between partly filled channels by a porous material. Various workers [8] [9] [10] [11] also investigated three-dimensional flow viscous fluid past a porous plate under different physical conditions. Many technological problems and natural phenomena are vulnerable to magnetohydrodynamic (MHD) analysis. In the design of heat exchangers and pumps and flow meters, thermal protection, control, and reentry, in space propulsion and so 2 Mathematical Problems in Engineering forth, MHD principle is used by engineers. It has been proven theoretically and experimentally that the transition from laminar to turbulent flow which causes the drag coefficient to increase may be prevented/delayed by suction of the fluid by the application of transverse magnetic field and by heat and mass transfer from the boundary layer to the wall. Das [12] studied three-dimensional MHD Couette flow of a viscous incompressible fluid with heat transfer through a porous plate and reported effects of constant suction and sinusoidal injection on the flow. Sharma and Chaudhary [13] presented MHD effect on viscous incompressible flow between two horizontal parallel porous plates and heat transfer with periodic injection/suction. It was observed that forward flow is developed in the region near the stationary plate, while backward flow is developed in the region near the moving plate. Goyal and Naraniya [14] analyzed theoretically threedimensional free convection Couette flow of a viscous incompressible fluid with transpiration cooling in the presence of transverse magnetic field. The static plate and the plate in uniform motion are subjected to transverse sinusoidal injection and uniform suction of the fluid. Recently, many workers [15] [16] [17] studied three-dimensional Couette flow of an incompressible fluid.
All the above studies have been performed in viscous fluid. Although the Navier-Stokes equations can cope with the flows of viscous fluids, these equations are inadequate to describe the characteristics of non-Newtonian fluids. Shoaib et al. [18] [19] [20] [21] [22] analyzed theoretically three-dimensional nonNewtonian fluids flow along an infinite plane with periodic suction.
However, to the best of the authors' knowledge, the application of transverse sinusoidal injection/suction velocity for the flow of a second-grade fluid between parallel plates has not appeared in the literature. Therefore, in the present work, magnetohydrodynamic three-dimensional Couette flow of a Maxwell fluid with periodic injection/suction is analyzed. A constant suction velocity at the wall leads to two-dimensional flow [2] ; however, due to variation of suction velocity in transverse direction on wall, the problem becomes threedimensional. The solution of the problem is presented using regular perturbation technique. The results obtained are evaluated for various dimensionless parameters such as suction/injection parameter , the Deborah number , Hartmann number , and Reynolds number Re. The article is organized as follows: Section 2 presents description of the problem, Section 3 gives formulation of the problem, Section 4 approximates solutions, and Section 5 incorporates results and discussion, while Section 6 includes conclusion.
Description of the Problem
Consider steady three-dimensional fully developed laminar Couette flow of an incompressible electrically conducting Maxwell fluid between two parallel porous plates having separation "ℎ" between them. The * * -plane is taken along the lower plate and the * -axis perpendicular to the plates as shown in Figure 1 . The magnetic field of uniform strength B normal to the plates is applied. The injection/suction velocity distribution [2] of the form
is assumed, where V 0 is suction/injection velocity and is its amplitude. The lower plate is kept stationary, while the upper plate is moving with uniform velocity along the positive * -axis. The transverse sinusoidal injection of the fluid at the lower plate with its corresponding removal by periodic suction through the upper plate is considered. The velocity components along the * -, * -, and * -directions are * , V * , and * , respectively. Since the flow is assumed to be fully developed and laminar, all the physical quantities are independent of * ; of course, the flow remains threedimensional due to injection/suction velocity (1).
Formulation of the Problem
The constitutive equation for a Maxwell fluid model is
in which , , , and̃denote the pressure, relaxation time, the dynamic viscosity, and identity tensor, respectively; also / is the convective derivative. The Rivlin-Ericksen tensors̃1 are defined as
where "T" denotes the transpose. So model (2) is compatible with the thermodynamics in the sense that all the Mathematical Problems in Engineering 3 motions satisfy the Clausius-Duhen inequality and the specific Helmholtz free energy is minimum in equilibrium. The laws of conservation of mass and momentum are given by
Thus, the problem is governed by the following system of differential equations:
subject to boundary conditions
The following dimensionless parameters have been introduced:
where , Re, , and denote suction/injection parameter, Reynolds number, the Deborah number, and Hartmann number, respectively. Then (6)-(7) become Mathematical Problems in Engineering
subject to nondimensional boundary conditions = 0,
, V, and denote the velocities in the -, -, anddirections, respectively.
Solution of the Problem

Cross-Flow Solution.
Since ≪ 1 and is positive, we assume the solution of the form (14) where stands for any of , V, , and . The set of cross-flow solutions V 1 ( , ), 1 ( , ), and 1 ( , ) is independent of the main flow velocity component . The equations governing the fluid flow are
And the boundary conditions are
The injection/suction velocity consists of basic uniform distribution V with a superimposed weak sinusoidal distribution V cos ; therefore the velocity components V 1 ( , ),
Here " " denotes the differentiation with respect to " ." It is worth mentioning that the velocity components (19)- (20) identically satisfy the continuity equation (15) . Set (18)- (20) into (16) and (17) to have
Eliminate the pressure 11 from (22) and (23) to get
where Re = . Assuming that ≪ 1 and taking
(24) becomes
The corresponding boundary conditions are
In view of boundary conditions (27), the general solution of (26) yields
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Similarly, the first-order equation is
And corresponding boundary conditions are
The solution of the boundary value problem (29)- (30) is
Thus, (25), (19) , and (20) after substituting (28) and (31), respectively, become 
where constants ( = 1, 2, 3, . . . , 18) are defined in the Appendix. (23) 
Pressure. Substituting (32) in
and corresponding boundary conditions are
since ≪ 1, so we assume that
Then,
the solution of problem (39) is
Similarly, solution of the first-order boundary value problem,
is
Thus,
When ̸ = 0, the equations of motion governing the flow are perturbed by substituting (14) in (10) and (13); we have the first-order equation and corresponding boundary conditions. Then the first-order equation and corresponding boundary conditions are
6
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The solution of (44) can be expressed as 1 ( , ) = 11 ( ) cos . Then 
The corresponding boundary conditions (45) become
Equation (46) is of third order, while we have only two conditions. To overcome this difficulty, we express the solution of (46) as follows:
Then zeroth-order problem yields
The solution of problem (49) 
Similarly, the first-order problem and corresponding boundary conditions are
) , 
In view of (43), (50), (52), and (48) to (14) , one has 
Shear Stress Components. The components of shear stress
1 and 2 in the -direction and -direction, respectively, on the lower plate are as follows:
So from (32) and (53), respectively, we have (1
where ( = 19, 20, 21, . . . , 74) are defined in the Appendix.
Results and Discussion
In this work, steady and fully developed laminar Couette flow of an incompressible Maxwell fluid through porous plates with periodic suction/injection is modelled and investigated analytically. The application of transverse sinusoidal injection at the lower plate remained stationary and its equivalent confiscation by suction through the uniformly moving upper plate leads to three-dimensional flow. The coupled highly nonlinear equations of motion are solved engaging perturbation method. The effects of various nondimensional The transverse velocity component is studied for different values of injection/suction parameter , the Deborah number , Reynolds number Re, and Hartmann number in Figures 10-13 . It is noted from Figure 10 that there is forward flow from = 0 to about = 0.5, and then, onwards, there is backward flow. In fact, the dragging effect of the faster layer exerted on the fluid particles near the lower plate (stationary plate) is sufficient to overcome the adverse pressure gradient, and hence there is forward flow. On the contrary, due to the periodic suction at the upper plate (moving plate), the dragging effect of the faster layer exerted on the fluid particles will be reduced, and hence this dragging effect is insufficient to overcome the adverse pressure gradient and there is backflow. It is also observed that the backflow is just the optical image of the forward flow. It is obvious from Figures 10-12 that the velocity component increases with an increase of , , and Re in forward flow; however, a reverse effect is seen in the backward flow. On the contrary, the velocity component decreases with an increase in in forward flow, while it increases in backflow as shown in Figure 13 .
The variations of skin friction components at the lower plate versus Reynolds number Re in the main flow direction and transverse directions are presented in Figures 14-19 . Figures 14-16 depict the effect of injection/suction, the Deborah number, and Hartmann number on the skin friction component 1 . Depending upon the value of and , the value of 1 decreases for small values of Reynolds number and then increases for large values of Reynolds numbers ( Figures  14 and 15) . Physically, it seems that for small values of Re viscous forces are dominant over the inertial forces, causing decrease in skin friction along the main flow direction, and skin friction is exerted by the plate on the fluid. On the contrary, for large values of Reynolds number, the inertial forces become dominant over the viscous forces, resulting in the change in direction of the skin friction; that is, the skin friction is exerted by the fluid on the plate which enhances by increasing the Reynolds number. Depending upon the value of Hartmann number , the skin friction component 1 decreases for small values of and then increases rapidly for large values of ( Figure 16 ). It reflects that viscous forces are dominant over the electromagnetic forces for small Hartmann number resulting in reduction in skin friction exerted by the plate on the fluid along the -direction. In contrast, the electromagnetic forces become dominant over the viscous forces for large leading to change of role of skin friction; that is, in this case, skin friction is exerted by the fluid on the plate which increases exponentially by increasing the Hartmann number.
Figures 17-19 are drawn for skin friction component along -direction versus the Reynolds number for different values of injection/suction parameter , the Deborah number , and Hartmann number , respectively. It is observed that the skin friction component 2 attains maximum value for particular value of , , or and then reduces rapidly and approaches zero. The reduction in the skin friction exerted by the fluid on the plate for large values of Reynolds number happened due to the dominance of viscous forces over the inertial forces. Moreover, the skin friction exerted by the fluid on the plate increases by increasing suction parameter (for small value of Re). Then, of course, it approaches zero due to dominant role of viscous forces. Similar effect of the Deborah number on the skin friction component is observed. However, weak dependence of skin friction component along the -direction is recorded. It is observed from Figure 19 that, with the increase of Hartmann number , skin friction component 2 decreases for small values of Reynolds number and increases for large values of Reynolds number and approaches zero for Re ≥ 100.
The effects of injection/suction parameter , the Deborah number , Reynolds number Re, and Hartmann number on pressure are shown in Figures 20-23 , respectively. It is noted from Figure 20 that, for an increase in injection/suction parameter , adverse pressure increases near the stationary plate; of course, favourable pressure increases near the moving plate. Physically, this means that injection at the lower plate promotes thickening of boundary layer, which in turn enhances the adverse pressure near the lower plate. On the contrary, suction through the upper moving plate causes thinning of boundary layer, resulting in enhancement in favourable pressure near the upper plate. Figure 21 indicates that adverse pressure increases near the stationary plate with increasing the Deborah number; however, it decreases near the moving plate and favourable pressure is noted near the moving plate for ≤ 0.1. Such behavior is expected because injection enhances adverse pressure ( Figure 20 ) and the Deborah number also promotes the pressure and, therefore, ultimately large development in adverse pressure near the stationary plate. On the other hand, suction enhances favourable pressure (Figure 20) , while the Deborah number enhances adverse pressure, resulting in combined effect in the form of favourable pressure for ≤ 0.1 near the moving plate. Figure 22 shows that adverse pressure decreases with an increase in Reynolds number in the vicinity of the lower plate and favourable pressure also decreases by increasing Reynolds number near the upper plate. It indicates that the dominance of inertial forces reduces the injection (at lower plate) and suction (through upper plate) effects, causing reduction in pressure in the neighborhood of the plates. Figure 23 indicates that pressure increases with an increase in Hartmann number and reverse effect can be observed near the moving plate.
Concluding Remarks
On the basis of above discussion, the following conclusions are made:
(1) The main flow velocity decreases with increasing either injection/suction parameter or Reynolds number. It decreases with an increase in the Deborah number.
(2) The velocity component V and transverse velocity component increase with increasing injection/suction parameter; however, a reverse effect is observed with an increase in the Deborah number and Reynolds number.
(3) Reynolds number provides a mechanism to stabilize the skin friction components 1 and 2 .
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Appendix
Constants involved in this paper are 18 (1 + 6 )))) −1 ) (( 
